The basis of the concept of interval valued intuitionistic fuzzy sets was introduced by K. Atanassov. Interval valued intuitionistic models provide more precision, flexibility, and compatibility to a system than do classic fuzzy models. In this paper, three new types of product operations (direct product, lexicographic product, and strong product) of interval valued intuitionistic (S,T)efuzzy graphs are defined. One of the most studied classes of fuzzy graphs are regular fuzzy graphs, which appear in many contexts. For example, r-regular fuzzy graphs with connectivity and edge-connectivity equal to r play a key role in designing reliable communication networks. Hence, we introduced the concepts of regular and totally regular interval valued intuitionistic (S,T)efuzzy graphs. Likewise, we defined busy vertices and free vertices in interval valued intuitionistic (S,T)efuzzy graphs and studied their images under an isomorphism, which are highly important in fuzzy social networks.
Introduction
Graph theory has several interesting applications in systems analysis, operations research, computer applications, and economics. Since the introduction of fuzzy sets by Zadeh [37] , there have been numerous generalizations of this fundamental concept. One generalization among the sets is the notion of intuitionistic fuzzy sets introduced by Atanassov [6] . For more details on intuitionistic fuzzy sets, please refer to [6e8] . In 1975, Zadeh [36] introduced interval-valued fuzzy sets as an extension of fuzzy sets [37] in which the values of the membership degree are intervals of numbers, rather than numbers. Rosenfeld [21] introduced fuzzy graphs in 1975 and proposed other definitions (e.g., paths, cycles, and connectedness). The complement of a fuzzy graph was defined by Mordeson and Nair [19] and further studied by Sunitha and Kumar [30] . The concept of weak isomorphism, co-weak isomorphism and isomorphism between fuzzy graphs was introduced by Bhutani [9] . Akram et al. [1e5] introduced interval-valued fuzzy graphs, strong intuitionistic fuzzy graphs, bipolar fuzzy graphs, as well as certain types of vague graphs and vague hypergraphs. Borzooei et al. [10e16, 25e27] studied domination, degree of vertices, new concepts of vague graphs, and bipolar fuzz graphs. Complete interval-valued fuzzy graphs were investigated by Rashmanlou and Jun [22] . Pal and Rashmanlou [20] studied irregular interval-valued fuzzy graphs, defined antipodal intervalvalued fuzzy graphs [23] , and balanced interval-valued fuzzy graphs [24] . Samanta et al. [31e34] introduced fuzzy planar graphs, m-step fuzzy competition graphs, fuzzy k-competition and pcompetition graphs, and showed some results on bipolar fuzzy sets and bipolar fuzzy intersection graphs. In this paper, three new types of product operations (direct, lexicographic, and strong) of interval-valued intuitionistic (S,T)efuzzy graphs are defined. We introduce the concept of regular and totally regular interval valued intuitionistic (S,T)efuzzy graphs. Busy vertices and free vertices in interval valued intuitionistic (S,T)efuzzy graphs are defined, and their image under an isomorphism is studied.
Preliminaries and notations
An interval number,ã, is defined as an interval, [ 
where u w.
Þ is an idempotent tÀ norm (sÀ norm) and called an idempotent interval tÀ norm (sÀ norm). According to Atanassov [7, 8] , an interval valued intuitionistic fuzzy set on X is defined as an object of the form:
where f M A ðxÞ and f N A ðxÞ are interval valued fuzzy sets on X (e.g., f M A : X/D½0; 1, f N A : X/D½0; 1 such that 0 sup f M A ðxÞþ sup f N A ðxÞ 1 for all x2X). Interval valued intuitionistic fuzzy sets will be denoted by A ¼ ð f M A ; f N A Þ in this paper. Let G ¼ (V,E) be a graph, where V is the non-empty finite set of vertices of G, and E is the set of edges of G. The fuzzy set V is a mapping, s, from V to [0,1]. The fuzzy graph G is a pair of functions G ¼ (s,m), where s is a fuzzy subset of a non-empty set V, and m is a symmetric fuzzy relation on s (i.e., m(uv) s(u)∧s(v)). The under-
Interval-valued intuitionistic (S,T)-fuzzy graphs
In this section, we define interval-valued intuitionistic (S,T) fuzzy graphs and introduce three types of new product operations (direct, lexicographic, strong) of interval valued intuitionistic (S,T)e fuzzy graphs. Definition 3.1. An interval-valued intuitionistic (S,T) fuzzy graph with underlying set V is defined as ordered pair (A,B), where From this graph, it can be determined that (A,B) is an intervalvalued intuitionistic (S,T)efuzzy graph. Fig. 1 .
(i) A homomorphism g is a mapping g:V 1 / V 2 such that: 
EÞ is the join of G Ã 1 and G Ã 2 , where V ¼ V 1 ∪V 2 and E ¼ E 1 ∪E 2 ∪E 0 , E 0 is the set of all edges joining the vertices V 1 and V 2 .
2 ,x 1 y 1 2E 1 } respectively which satisfies the following:
(ii)
f Q B i are interval valued intuitionistic fuzzy sets on V ¼ V 1 ∪V 2 and E ¼ E 1 ∪E 2 respectively which satisfies the following:
(ii) 
Similarly, if xy2E 1 and xy;E 2 or xy2E 2 and xy;E 1 , then
is the set of all edges joining the vertex of V 1 and V 2 ), respectively, which satisfies the following:
Remark 3.10. Let G 1 ¼ (A 1 ,B 1 ) and G 2 ¼ (A 2 ,B 2 ) be two interval valued intuitionistic (S,T)-fuzzy graphs. Thus, the join G 1 þG 2 is an interval-valued intuitionistic (S,T)-fuzzy graph.
Þ respectively is defined as a pair (A,B) , where
f Q B i are interval-valued intuitionistic fuzzy sets on V ¼ V 1 Â V 2 and E ¼ {(x 1 ,x 2 )(y 1 ,y 2 )jx 1 y 1 2E 1 ,x 2 y 2 2E 2 } respectively, which satisfies the following: Proposition 3.12. Let G 1 ¼ (A 1 ,B 1 ) and G 2 ¼ (A 2 ,B 2 ) be two interval valued intuitionistic (S,T)-fuzzy graphs. The direct product G 1 *G 2 is an interval-valued intuitionistic (S,T)-fuzzy graph.
Proof. Let x 1 y 1 2E 1 and x 2 y 2 2E 2 . Thus,
This completes the proof.
Example (A 1 ,B 1 ) and G 2 ¼ (A 2 ,B 2 ) , where By a routine computation, it is clear that G 1 *G 2 is an intervalvalued intuitionistic (S,T)-fuzzy graph. Fig. 2 .
Definition 3.14. The Lexicographic product G 1 $G 2 of two interval valued intuitionistic (S,T)-fuzzy graphs G 1 ¼ (A 1 ,B 1 ) and G 2 ¼ (A 2 ,B 2 ) of 
Busy vertices and free vertices in interval valued intuitionistic (S,T)-Fuzzy graphs
In this section, we introduce busy values, busy vertices and free vertices in interval valued intuitionistic (S,T)-fuzzy graphs. T)-fuzzy graph, G ¼ (A,B) , is defined to be deg(g(x) ) for all x2V.
Proof. Since G 1 yG 2 , we have
Additionally, we know that deg( Proof. Let g:V 1 / V 2 be an isomorphism from G 1 to G 2 . Thus, g M A1 ðxÞ ¼ g M A2 ðgðxÞÞ and g N A1 ðxÞ ¼ g N A2 ðgðxÞÞ for all x2V 1 , and f P B1 ðxyÞ ¼ f P B2 ðgðxÞgðyÞÞ and g Q B1 ðxyÞ ¼ g Q B2 ðgðxÞgðyÞÞ for all xy2E 1 . Additionally, g preserves the degree of vertices, by Lemma 4. Theorem 4.8. Let interval valued intuitionistic (S,T)-fuzzy graph G 1 be weak isomorphism with G 2 . If u2V 1 is a busy vertex in G 1 , then its image under a weak isomorphism in G 2 is also busy.
Proof. 
It follows that G 2 is an mÀ totally regular interval valued intuitionistic (S,T)-fuzzy graph. 
Proof. Suppose that
Hence, G is totally regular interval valued intuitionistic (S,T)-fuzzy graph.
(ii)0(i): Suppose that G is a totally regular interval valued intuitionistic (S,T)-fuzzy graph, then 
Þ, 1 i n, which i þ 1 and i þ 2 are in module n.
Conclusions
Graphs are among the most ubiquitous models of both natural and human made structures. Graphs can be used to model many types of relationships and process dynamics in physical, biological and social systems. In this paper, three new types of product operations of interval valued intuitionistic (S,T)-fuzzy graphs are defined. Additionally, regular and totally regular interval valued intuitionistic (S,T)-fuzzy graphs are introduced. The concept of interval valued intuitionistic (S,T)-fuzzy graphs can be applied in various areas of engineering and computer science (e.g., database theory, expert systems, neural networks, artificial intelligence, signal processing, pattern recognition, robotics, computer networks, medical diagnosis). In our future work, we will investigate balanced interval valued intuitionistic (S,T)-fuzzy graphs and investigate certain properties of irregularity in interval valued intuitionistic (S,T)-fuzzy graphs.
